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Abstract-This paper is concerned with the linear delay partial difference equation 
u(i,j+l) =a(i,j)u(i+l,j)+b(i,j)lL(i,j)+p(i,j)~(i-u,j--), 
where (T and 7 are two nonnegative integers, a(i,j), b(i,j), p(i,j) are three real sequences defined on 
i 2 0, j 2 0. Some sufficient conditions for this equation to be exponentially asymptotically stable 
are derived. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Recently, there are many studies devoted to the development of qualitative theory of difference 
equations [l-9]. Their significance is illustrated in applications involving random walk problems, 
and numerical difference approximation problems, etc. In this paper, we consider the difference 
equation of the form 
u(i,j + 1) = a(i,j)u(i + l,j) + b(i,j)U(i,j) +p(i,j)u(i - 0,j - 7) (1.1) 
where cr and r are nonnegative integers, and a(i, j), b(i, j), p(i, j) are real sequences defined on 
i 2 0, j > 0. 
Let 2 = {. . . , -l,O,l,... },N,={&t+l,... }f or certain integer t E Z, and s1 = N-, x N-r \ 
Na x Nr, and 
DI = {(i,j) IO I i < o, 0 I j < 7.}, Dx = {(i,j) / 0 I i < g, j > T}, 
03 = {(i,j) 1 i 2 o, 0 5 j I T}, Dq = {(i,j) ( i > o, j > T}. 
Obviously, D1 is a finite set, D2, D3, and D4 are infinite sets, D1, D2, D3, and 04 are disjoint, 
and 
N,2=NoxNo=D1+D2+D3+D4, 
where A + B denotes the union of two subsets A and B of Z2. 
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By a solution of equation (1.1) we mean a real double sequence {u(i, j)}, which is defined for 
i 2 --(T and j 2 -7, and satisfies (1.1) for i 2 0 and j > 0. 
It is easy to construct by induction a double sequence u(i, j) that equals ‘pi,j on R and satis- 
fies (1.1) on No x Nl. The solution of the initial value problem of (1.1) is unique. 
Exponential asymptotic stability of (1.1) has been investigated in [l-3] under the assumption 
of g = 0 or T = 0. To the best of our knowledge, there does not exist exponentially asymptotically 
stable criteria of (1.1) with cr > 0 and 7 > 0. Thus, in this paper, we will establish some new 
exponential asymptotic stability criteria. Let 
For any positive constant H > 0, let SH = {‘p 1 lIpI/ < H}. In [1,2], exponential asymptotic 
stability is defined as follows. 
DEFINITION 1.1. Equation (1.1) is said to be exponentially asymptotically stable if, for any 
6 > 0, there exists a real number [ E (0, l), such that ‘p E SJ implies that 
For convenience of discussion, we will adopt a more general definition of exponential asymptotic 
stability in the following. 
DEFINITION 1.2. Equation (1.1) is said to be exponentially asymptotically stable if, for any 
6 > 0, there exist a constant A& and a real number [ E (0,l) such that ‘p E Sa implies that 
Obviously, (1.3) is a special case of (1.4). 
2. MAIN RESULTS 
In this section, we present the main results of the paper. 
THEOREM 2.1. Assume that there exists a constant 6 E (0,l) such that 
b(i,dl + l~(~,dl+5-w,~)l It, (4.i) E D2, 
b(i,dl + lqi>dl + E-‘lP(~~$l 5 E, (i,j) E 03 + D4. 
(2.1) 
Then, equation (1.1) is exponentially asymptotically stable. 
PROOF. For a given solution u(i, j) of equation (l.l), it is obvious that there exists a constant 
A > 1 such that 
Iu(i,j)l + Ib(i,.i)l + r-‘I~(i,i)l 5 4 for all (i,j) E DI. 
Let 
Then, B is a finite constant. For the given [ E (0, l), and for any 6 > 0 and ‘p E Sa, it is easy to 
see that there exists a positive constant Ml > BemTml > 0 such that 
b(i,j)l I B 5 mEj+l, for all (i,j) E D1. (2.2) 
For j = 0 and any i 2 CT, we have (i,j) E D3, and there exists a positive constant 
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such that 
144 111 5 Ia( /qi + LO)1 + P(~>O)/ l46O)l + IP(i7O)l I4i - fl,-T)/ 
< (b(i>o)l + lb(i,O)l + IP(~>O)I)IIPII 5 MY?. 
Assume that for some fixed positive integer 0 5 71 2 7 and any i > 0, 
Iu(i,j)l 5 M&+1, for 0 5 j 5 n and any i 2 CJ. 
Then, (i,n) E Ds, and 
Iu(i, n + l)l 5 la(i, n)I iU(i + 1, n)I + jJJ(i, ,rl)I (U(i, n)i + lP(i, n)I Iu(i - c, n - T)I 
I (146 n)l + lb(i, ~)~)JJW+~ + Ip( Il~ll 5 MzE”+‘. 
Hence, by induction, we have 
Mi,j)l L &EJ+l, for 0 5 j I: r + 1 and any i > 0. 
Let MS = max{AMr, AM2). Then, from (2.2) and (2.3), we have 
for any (i, j) E Dr + D3. 
In view of (2.2) and (2.3), we have, for 0 5 i < cr, 
b(i,7+ 111 I I4i,T)I lu(i+ 1;T)I + lb(i,r)/ IU(i,T)l + Ip(i,r)/ lu(i -u,O) 
I (Idi, ~)l + lQ~)l)fiW+~ + Ip(i, 7)I IId( I M~vC+~. 
Hence, 
Let 
lu(i,j)l I M@, for 0 < j 5 r + 1 and any i > 0. 
D, = {(i,j) / i > 0, 0 < j < T} = D1 + D3: 
Dk = {(i,j) I i 2 0, (k - 1)’ < j < k-r}, k = 2,3,. 
Then, from (2.4), we have 
Iu(i,j)l 1. MiE’, for any (i,j) E Dr. 
Assume that for some fixed positive integer k > 0: 
In the following, we will prove that 






b(i, kr + l)l 2 la(i, kT)/ Iu(i + 1, kr)l + Ib(i, kT)l (u(i, k7.)l + Ip(i, kT)\ \u(i - 0, (k - l)~)l 
I (144 kr)l + lb(i, kT)l +E-‘lp(i, kT)l) M&E”’ 5 M6EkT+l; 
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and for any 0 5 i < 0, if k = 1, then 
lu(4 kr + 1)l I Ia(i, kT)l lu(i + 1, h)l + Ib(i, k7)) lu(i, kT)( + Ip(i, kT)l lu(i - g, (k - l)~)l 
5 (I+, kT)j + Ib(i, kT)l + [-“‘jp(i, kT)I) M2tkr+’ 5 M6[kT+1; 
if k > 1, then 
Iu(i, k-7 + 1)l 5 la(i, h)l Iu(i + l), kT)l + Ib(i, kT)( Iu(i, kT)/ + Ip(i, kT)l j~(i - C, (k - 1)T)I 
5 (I+, kT)I + Ib(i, h-)1 + ,(-krIp(i, kT)I) d&ekT 5 MJ<~~+‘. 
Hence, 
I44.i)l I && for 0 2 j < kT + 1 and any i > 0. (2.8) 
Especially, lu(i, kT + 1)j 5 M&kT+l for any i 2 0. 
Assume that for some fixed positive integer kT < n 5 (k + 1)~ and any i 2 0, 
I4i,j)l i M&j, for kT < j 5 n and any i 2 0. 
Then, for any i > g, (i,n) E Dh. In view of (2.7), we have 
Iu(i,n+ 1)l I Iu(i,n)I lu(i+ l),n)I + Ib(i,n)I I4Cn)l + Ip( lu(i --,n -T)I 
I (lu(i, n)I + Ib(i, n>I + C’lp(i,n)l) MC i MPC+~. 
Hence, by induction, we have 
l44j)l I M&j, for any i > 0 and k?- < j 5 (k + 1)~. 
Thus, we have 
k+l 
I4C.d I M&j, for any (i, j) E U D,. 
s=l 




I44j)l I M&, for any (i,j) E N,2. 
The proof is completed. 
We also have the following result. 
THEOREM 2.2. Let T > 0 and 6 E (0,l) be a constant, 
44.i) = b(i,d + Ib(i,dl +E-‘l~(~,.f)l, 
for any i, j E No, and 
a(i,j) = u(i,j)A(i + 1,j - l), @,j) = b(i,j)A(i,j - l), 
for any i E No and j > 0. Assume that there exists a constant C > 1 such that 
144 O)l + Ib(i, 011 + Idi, 011 I Gc, for any i E No, 
I~i(i,dl + ~W,~ + P+w4.i)l I t2, for (i,j) E D2, 
I4Ci)l + /W)l + r+‘lP(~,.i)l I E2, for (i, j) E 03 + D4. 
(2.9) 
Then, equation (1.1) is exponentially asymptotically stable. 
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PROOF. Similar to the proof of Theorem 2.1, for a given solution ~(i,j) of equation (l.l), the 
given E E (0, l), and any b > 0 and cp E 5’6, there exists a positive constant Mr > [-2jlvil such 
that 
Iqi,j)l I M1Ej+2, for any (i,j) E Dr. 
It is easy to verify that there exists a constant A > Cte2 such that 
(2.10) 
I~(40 + I@,.# +E-‘+%W)l 5 AE2i for 0 2 i < cr and 0 < j < r. 
For j = 0 and any i > g, we have (i, j) E D3, and there exists a positive constant 
such that 
Iu(i, 1)l I \u(i, O)] jU(i + 1,O)l + Ib(i, 0)l Iu(i, 0)l + IP(C O)l b(i - O,-T)I 
5 (l~(i,O)l + Ib(i,O)I + IP(40)l)ll%4l 5 M2E3. 
Therefore. 
Iu(i, a)( L la(i, 1)1 Iu(i + l,l)l + Ib(i, 1)l 144 1)l + Idi, I)1 b(i - 071 - T)I 
L la(i, l)l(lo(i + 1,O)l Iu(i + 2,O)l f Ib(i + 1,O)l lu(i + 1,O)l 
+ Ip(i + 1,O)l IU(i + 1 - fl, +)I) + Ib(i, l)l(la(i, O)l Iu(i + 1, WI + P(4 O)l I4C O)l 
+ IP( Iu(i - 0, +)I) + IP(C 1)l I4i - g, 1 - T)I 
5 (la@, 1)l + I@, 1)j + Idi> 1)l) lI(~ll 5 M2E4. 
Assume that for some fixed positive integer 1 < n 5 T and for any i > 0, 
b(i,j)l L M2Ej+‘, for 1 < j < n and any i 2 CT. 
Then, (i,n) E Ds, and 
Thus, from (2.10) and (2.11), we have 
Iu(i, n + 1)l I Iu(i, n)I (I+ + 1, n - 1)1 + Ib(i + 1, n - 1)l + <-‘lp(i + 1, n - 1)l) M2tn+’ 
+ lb(i,n.)l (l&n - l)l + lb(i,n - 1)l +tCrlp(i,n - 1)l) MC+’ + IP( ll’pll 
< (Ia( + I@,n)I +[-n+‘Ip(i,n)l) M2Cn+’ I M2En+3. 
Hence, by induction, we have 
M&j)1 L M2Ej+2, for 0 < j < r + 1 and any i 2 0. (2.12) 
Let MJ = max{AMr, AMZ}. Then, from (2.10) and (2.12), we have 
b(4.d < ~cv?, for any (i,j) E D1 + D3. (2.13) 
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In view of (2.10)-(2.13), we have, for 0 5 i < (T, 
lu(i,7’+ 111 i @qi,T)l + (6(i,T)l) M2y+l + IP(i,T)l IIpII i M&y+3 5 M&CT+! 
Hence, in view of (2.12), we have 
b(i,dl 5 M5P, for 0 5 j 5 7 + 1 and any i > 0. 
Let the subsets {&} of .Z2 be defined by (2.6). Then, from (2.14), we have 
Iqi,&i)l I Me, for any (i,j) E Di. 
Assume that for some fixed positive integer k > 0, 
b(i,j)l i M&, for any (i, j) E /J 0,. 
S==l 
Then, from (2.11) and (2.15), for any i > 0, we have 
Iu(i, k,r f 1)j 5 (Ii+, kT)l + 16(i, k7)1 + J-T+ljp(i, k7.)[) M,&-’ 5 M&+‘; 
and for 0 5 i < r, if k = 1, then 
Iu(i, kT + 1)l 5 (IE(i, kT)l + (6(i, kT) 1 + E-kT+lIp(i, kT)I) M2[ICr+1 < M,&+l; 
if k > 1, then 
b‘(i, h- + 1)l I (I+, kT)j + Iz(i, kT)[ + J++‘lp(i, k+) Mg[kr-1 < M,&+l. 
Hence, 
b(i,.?)l 5 MsEir for 0 5 j < kr + 1 and any i 2 0. 
Assume that for some fixed positive integer kr < n 5 (k + 1)’ and any i > 0, 
l44j)l I M&, for kr < j 5 n and any i 2 0. 
Then, for any i 1 cr, from (2.11) and (2.15), we have 
lu(i,n+l)l I @(i,n)I + Ib(i,n)I +(-‘+‘lp(i,n)l) M&“-l 5 M&“+‘, 
and for any 0 5 i < g, we have 
/u(i,n+ 1)l I (lG(i,n)I + (6(i,n)I +[-“+‘jp(i,n)l) M,stnel 5 M&cn+‘. 
Hence, by induction, we have 
M&d1 I M& for any i 1 0 and k7 < j 5 (k + 1)~. 
Thus, we have 
k+l 
b(i,j)l L M&, for any (i, j) E /J D,. , 
s=l 
Hence, by induction, we obtain 
(2.16) 
The proof is completed. 
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EXAMPLE 2.1. Consider the partial difference equation 
u(i,j + 1) = u(i,j)u(i + 1,j) + b(i,j)u(i,j) +p(i,j)a(i - l,j - l)> (2.17) 
where 
u(i,j) = ;? b(i.j) = a; an d 
Since cr = 1 and IT = 1, by the known criteria given in [1,2] we cannot determine its stability. 
But, if we let 6 = 7/8, then for any (i,j) E Dz, we have 
and for (i, j) E 03 + Dd, we have 
b(i,.d + Ki,.d + t-‘lp(i,j)l = i + a + $ & 5 g < i = E, 
Hence, (2.1) holds, so that by Theorem 2.1, equation (2.17) is exponentially asymptotically stable. 
EXAMPLE 2.2. Consider the partial difference equation 
u(i,j + 1) = u(i,j)u(i + 1,j) + b(i,j)U(i,j) +p(i,j)u(i - 1,j - l), (2.18) 
where 
u(i,j) = i + q, b(i>j) = f, and p(i,j) = & 
It is obvious that 
C-1)” 4 2 I4Cdl + Ib(i,j)l + Idi,dl 2 g + 2, for all (i, j) E Ni. 
Hence, there does not exist a constant [ E (0,l) such that (2.1) holds for any (i,j) E Dz or 
(i,j) E 03 + Dq. Th us, Theorem 2.1 is not applicable to equation (2.18). But, it is easy to see 
that for [ = 718, 
(-l)i 
A(i,d = l46.d + IWi,d +E-ll~Li)l = ; + 2 + A, 
Ia(i,j)l = ja(i,j)A(i + l,j)l = $ + g + 1 14. 83+1 + 
(-1)” 1 
___ 14. @+I ’ 2’ 
(-l)i 1 3 
Ib(i,j)l = lb(i,j)A(i,j - l)] = ; + 16 + - 7.@ ’ 16‘ 
Hence, for any (i, j) E D2, 
and for (i,j) E D3 + Dq, 
Moreover, it is obvious that for any i > 0 
Therefore, by Theorem 2.2, equation (2.18) is exponentially asymptotically stable. 
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